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Generalizations of gravitational Born- Infold type lagrangians are investigated. Phcnomenological constraints ( reduc- 
tion to Einstcin-Hilbert action for small curvature, spin two ghost freedom and absence of Coulomb like Schwarschild 
singularity ) select one effective lagrangian whose dynamics is dictated by the tensors and IZ^pa (not or the 
scalar R). 
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I. INTRODUCTION. 



There are numerous suggestions in the literature for 
modification of the classical Einstein Hilbert (EH) action 
of general relativity: 
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d 4 x yf^g (R - 2A) 



(1) 



where R is the curvature scalar, g = det Hs^h/H is the de- 
terminant of the metric tensor, A the cosmological con- 
stant and mpi is the Planck mass. Many modification 
attempts (at least in 4-dimensional space-time) are based 
on the same structure of the action integral with the 
addition to the Einstein term of some scalar functions 
of R and/or of combinations of the Ricci, Rp V i and/or 
Riemann, TZp Va p tensors (/ d^x yf^g C{R, Rp U ,1Zp Va p))- 
Usually, but not necessarily, one considers quadratic 
in curvature terms proportional to R 2 , R llv R ,lv , and 
TZpvapTZ^ 01 ^ ■ Higher order or even non-local terms may 
appear as a result of quantum corrections, see e.g. the 
book [1]. Such a form of the Lagrangian density, i.e. a 
scalar function multiplied by the determinant of metric 
tensor, is dictated by the demand of invariance of the ac- 
tion with respect to general coordinate transformation. 
However, this is not the only way to ensure this invari- 
ance. In fact we can build many different unconventional 
invariants using the properties of the Levi Civita tensor 



9 Cfivpa 



(2) 



where e M „ pcr is the Levi Civita pseudo tensor (or permu- 
tation operator, eo 1 2 3 = 1 ) , a tensorial density of weight 
w = 1 (note that e^ vpa is a tensorial density of weight 
w = -1). * 

The determinant of a second rank tensor can be in- 
cluded as one of such cases L It is easy to show that, 
taking a generic two index tensor Vu V , we can build the 
following scalar densities of weight w: 



*The weight w of a tensor density T„ is defined by the trans- 
formation law: Tf = I M^r I W if^TTTpTg . 

u I ox I ot ax P 

^The usual determinant definition is: det||V a( 3|| = 

1 <,M"ipi"i ( ,M"2P2"2 \r \r \r 
41 e e 'wm '"i^ 'pi; 
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det\\V MV \\-+ w 

dei||VH|-» w 
det\\V»\\-^ w 



In this spirit, Born and Infeld (BI) proposed for the elec- 
tromagnetism the action [2,11] 



d 4 xJdet\\g^ v + \Fp„\\ 



(3) 



while, Eddington [3] indicated, as purely afhne gravita- 
tional action, the term 



d 4 x^det\\Rp4T)\\ 



(4) 



whose possible generalizations are analyzed in ref. [4]. 

Taking into account only a purely gravitational the- 
ory without any matter content and considering a purely 
metric approach, we have at our disposal: 

• one scalar R = g w g va 'R-p V p<, 

• two (symmetric) tensors : Rp V , 9p V 



• two 4-index tensors: IZnv 



pvpcr-i ^pvpa 



We can also build some 4-index combinations of R 
and gp V , with the same symmetry properties of TZp,v P a- 



fJ,U ; 



G ai a 2 0iP2 — 9etiPi 9a 2 j3 2 ~ 9a x p 2 9a 2 @i (5) 

R-aia 2 /3i/3 2 = 9cnfii Ra 2 j3 2 ~ 9 ai p 2 Ra 2 Pi ~ (6) 

9a 2 Pi RaiP 2 + 9a 2 f3 2 Rai(3i 

Ra 1 a 2 f3 1 p 2 — RaiPi Ra 2 f3 2 Ra±f3 2 Ra 2 p 1 (7) 

All these 4-index tensors are not independent, in fact in 
four dimension: 



n 



1 vi R - 



■a 



fj,vpa 



(8) 



where Cp Vpa is the Weyl tensor or Conformal tensor. 

In ref. [5], Deser and Gibbons proposed the general 
covariant action : 



S = 



d^xyJdetWg^ + XR^+X^W (9) 



where Xp V contains terms of second or higher order in the 
curvature and formulated the minimum physical request 
that such a theory should satisfy: 
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1) Reduction to EH action for small curvature; 

2) Ghost freedom; 

3) Regularization of some singularities (for example the 
Coulombian like in the Schwarzschild case); 

4) Supersymmetrizability 

All these points will be reanalyzed in chapter V where 
a candidate lagrangian will be selected. 

In ref. [6] there is an extensive analysis of the cosmolog- 
ical behaviors of actions like (9) in Friedmann Robertson 
Walker (FRW) background. 

A straightforward generalization of action (9) can be 
written in the general form of "determinant- action": 

Sdet = J d 4 x^det\\g^(g a p, R, R a p, fc a p6~t)\\ (10) 

where Q pv is a two index covariant tensor, combination 
of g a p, R, R a f3 and fcapsy 

Being det||£?|| not necessarily positive definite, Sdet can 
become imaginary in some portion of the space. 

A possible solution is given by matrices Q that are 
product of two other matrices M and Af 



J d 4 x(^ £^£) 1/2 ^ J d A x(e^e Q^Q) 1,n (15) 

2 4 n 2n 

then, also the Q tensors, can be taken independents at 
each insertion: 

J d^i^e Gjj3) 1/n ^ J d 4 z(e^e ^hn) 1 '™ (16) 

n 2n « 2n 

We stress that e pvpa , being a tensor density of weight 
w = — 1 generates scalar densities that need to be cor- 
rected taking the appropriate power — for the full ex- 
pression. This allow us also to introduce directly into 
the lagrangian density higher index tensors, like lZ^ vpa , 
generalizing the determinant operation to tensors with 
more than two indices. 

A generic term in d-dimensions, having n times e pvpa , 
r times g^, s times R^v, and t times TZ^ pa reads ** 



/ 



d d x M d - 



2 (t+s) 



(e...e g...g R...RTZ...TZ) 1/n (17) 

t 



G^=M p a g aP N v p 



so that 



det\\g^\\=g det\\M"\\ det\\K\\ 



(11) 



(12) 



and in the case — N^v we have cfet||<?|| = 

gcfei||.A/f|| 2 giving 



where the "conservation of the number of indices" re- 
quires dn = 2r + 2s + 4t and M is a mass scale. 
The range of variations of t is : < t < dn/A, (when 
s + r = dn/2 and s = r = respectively) and the mass 
scale coefficient varies from M d ~~^ to Ms. 

If we consider conformally flat spaces where C M1/pcr = 
we can simplify the general expression to 



[ d 4 x yjdet\\ - g^W = I d 4 x J—g \detWMlW | (13) J d d x M d V ( e^e g^g R^R) 1 ^ 



(18) 



and the action becomes automatically polynomial § . 

Using the properties of the Levi Civita pseudo tensor 
e, we can rewrite the determinat-action (10) as: 



/ 



d X \j ^\ Ce Q tUV^Q H^V^Q fl 3 V 3 Q fl4,Vi 



(14) 



where ~ee is defined in appendix. This form will be our 
guideline for the new generalizations of BI type gravity 
in the next chapter. 



II. GENERALIZED BORN-INFELD GRAVITY 

The first generalization of the action (14) is obtained 
inserting an arbitrary number (n) of Levi Civita tensors: 



where now dn = 2r + 2s. In this case < s < dn/2, 
(for r = dn/2 and for r = respectively) and the dimen- 
sionality of the mass coefficient runs from M d for s = 
to M° for s = 2n. 

We note also that actions with an odd number of e vio- 
late parity and in the FRW or Schwarzschild backgrounds 
(that are our physical "toy models" ) , these terms are ex- 
actly zero. 

We will also reduce our analysis to the four dimensional 
space time, d = 4, leaving the extra dimensional spaces 
to future investigations. 

Due to the fact the the number of independent opera- 
tors is growing very fast with n, we will concentrate on 
the n = 2 case and discuss the generalizations with n > 2 
in general terms only. 



This requirement results quite stringent and is proba- 
bly implemented if gravity descends from String/M- Theory 
[8,10,11]. 

§ In ref [7] the case M 1 ^ = S 1 ^ + XR 1 ^ with the lagrangian 
J d A XyJdet\\g pv + 2Ai? M „ + \ 2 RftR av \\ was studied. 



** We assume a sort of minimal dimensional analysis not con- 
sidering operators that saturate indices between them self, as 
T^.^vafiTi- a pa and many others. Each single tensor will satu- 
rate the respective indices only with the Levi Civita pseudo 
tensors (see fig.l for n = 2 and fig. 2 for n = 4). 
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FIG. 1. Here we show the possible saturation patterns for 
the case n = 2. In a) we saturate with four 2-index symmetric 
tensors; in b) we saturate with two 2-index tensors and one 
4-index tensor; In c) we saturate with two 4-index tensors. 
The black points indicate the four indices for each e /Ji " iPiCTi 
pseudo tensor (i=l,2). 



4- Operators of dimension 6: gRRR (r=l, s=3) and 
RR11 (s=2, t=l) 



e e R fJ , lVl Rn 2 u 2 'R' f j, 3fJ , iV3 u4 =*fc * R = 4g ([R1ZR] 
1 -R 3 -Ir[R? + 2[R] s ) 

1 . - 3 

e e gmmRfi^RnauaRfuvt = 7 *R *R = 4g (R 



(26) 



3R [R] 2 + 2[R} 3 ) 



(27) 



A. Two e 

Here we analyze of the case with only two Levi Civita 
pseudo tensors, n — 2; the counting rule of eq.(17) fix 
the structure 



/ 



d i xM i ~ t - s ( ee g...g K^R TZTZ ) 1 / 2 

n=2 Q<r<4 0<s<4 0<t<2 



(19) 



4t+2r+2s=8 



(in fig.l we give a pictorial rule to saturate the various 
different indices ) from which, using the gravitational ten- 
sors at our disposal, we generate the following operators 
of different dimensionality: 



1. Operators of dimension: gggg (r=4) 
ee g^vSiiivS^g^m = *G * G oc 4 ! g (20) 
where the * product is defined in appendix. 



5. Operators of dimension 8: RRRR (s=4) 

e e Rf llVl Rf l2V2 Rp j3V3 R^ liVi = — * R * R (28) 



-0-. 



FIG. 2. The black points represent the indices of the four 
e Wi/>i A i pseudo tensors (i=l,2,3,4) while the colored dashed 
curves are the way each G t j, i v i p i \ i tensor saturates the respec- 
tive e-tensors. The first case a) is describing eq.(29) while the 
case b) is for eq.(30). 



2. Operators of dimension 2: gggR (r=3, s=l) and 
ggTZ (r=2, t=l) 

ee gmv&nivaTlpawM = 2 * TZ *G = 4g R (21) 
ee g^vStiivS^vsR^vi = 2 * R * G = 6.9 i? (22) 



3. Operators of dimension 4: ggRR (r=2, s=2), 
gRTZ (r=l, s=l, t=l) and TZTZ (t=2) 

e~e g^vfi^vjl^^wi = *H * R=2g (R 2 ~2[R] 2 ) (23) 



eeR W! „A JWW4 = ^ *ft=|(K 2 -4[i?] 2 + i? 2 ) (24) 



e eg fJ , ll/1 g l ^ 2U2 R P3l , 3 R IJ , il/i = j*R *R=2g(R 2 -[R] 2 ) (25) 

where the combination (1Z 2 — 4[i?] 2 + R 2 ) = £ is the 
Gauss-Bonnet term. 



B. Four e 

When there are four e^ vpa pseudo tensors, the large 
number of possible saturations generates many invari- 
ants. The study or the classification of all of them is 
beyond the scope of the present letter. My purpose is a 
short analysis of two possible choices that, from my point 
of view, are the most symmetric ones. 

We define respectively a " determinant " action for a 
4-indcx tensor as 



d 4 x ( det 1 1 t/^po- 1 1 ) 1/4 = / d 4 a;(eeee5 w „ 1()lffl 



vl/4 



(29) 



where e e e e is defined in appendix, and another interest- 
ing saturation pattern given by 

d 4 x(det\\g a01rT \\)i= Jd 4 x(Tr[*g*g*g*G})i (30) 

already investigated in the paper [8] with g = (1 + k R) G 
+R + R+ higher derivative terms. 
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In fig. 2 it is shown the saturation path corresponding 
respectively to eq.(29) and to eq.(30). 

In order to understand the different physical impli- 
cations from these two choices, in section III B 7 we 
will analyze the respective actions obtained working with 
Q = M 2 G + 1Z in a FRW metric background. This sim- 
ple exercise can give the feeling of physical implications 
coming from "higher order" BI generalizations. 



III. SMALL CURVATURE LAGRANGIAN 
EXPANSION 

In this chapter we will discuss the small curvature ex- 
pansion of the most general gravitational lagrangian ob- 
tained combining the eqs. (20-28) for n — 2 while for 
n = 4 we discuss only the special case with Q = M 2 G + 1Z 
in FRW space. 



A. Two e case 



The most general combination of eqs. (20-28) gives 

M8 (! + ^2 R + ^1 (A R2 + fr? + & + ( 31 ) 
^(Ai R 3 + A 2 R [R] 2 + ...) + ^(det\\R a0 \\) 

Where M is a dimensional mass coefficient and «i, 0i, Xi 
and 7 are free parameters. 

In order to have some insight about the asymptotic 
small curvature behavior we can expand around the lead- 
ing operator, meaning the operator with the lowest di- 
mensionality. 

If for example the leading operator is the dimension 
zero one, then the expanded lagrangian becomes 



/ d 4 xj~ g (V + ^M 2 R + ((| - ^)R 2 + 



(32) 



0: 



0: 



^[RY + ^n 2 +... 



and if we want to take care of the ghost problem we need 
the constraint —4/33 = 02 (see section V). 

In the case the leading operator is the two dimensional 
one, we get 



dW=ff ^r 3 VR+^=(0iR 2 +0 2 [R} 2 +0 3 n 2 )+..) (33) 



For leading dimension four operator, in order to have the 
leading EH term, we need 02 = 03 = so that ^ 



^This cancellation is obtained properly combining the two 
operators of eq. (23,25): *(TZ - \ R) * R = *(-f G + C) * R 



J d 4 x^(^M 2 \R\ + 1 (Aii? 2 + A 2 [i?] 2 + (34) 



R 



R 



etc... 

In order to get a phenomenological acceptable model 
we will follow the usual attitude to cancel "by hand" the 
cosmological constant with the following trick 



I- 



d^xV-gM* ^(l + — R + —...)-lj (35) 
with no justification from the symmetry point of view. 

B. Four e case 

As already discussed before we decided to work out this 
case with two models in FRW metric. Taking Q = M 2 G+ 
1Z the small curvature expansion is around a non zero 
cosmological constant value for both the eqs. (29,30). 
The next to leading operators are for eq.(29) 

J d 4 Xy/^M 2 eeeeGGGn^J dt a 3 M 2 (3 H 2 + H') = (36) 

while for cq. (30) 

d 4 xs/-ljM 2 G*G*G*ll~ J d 4 xy/-ljM 2 R (37) 

The next to next to leading operators correspond to 

d^Xy/^GGTZTZ - J dta 3 H 4 (38) 

from eq.(29) while eq.(30) generates 

J d 4 xy/^g~ Tr[*G *G*K*K]= j d 4 x^g~E = (39) 

It is evident that for this particular choice of Q eq.(29) 
fails to match EH at small curvature and predict ghosts 
(see next chapter), while eq.(30) fit the EH constraint 
and results ghost free (see next chapter), being in such 
a way an interesting phenomenological theory of gravity 
(see [8]). 



IV. SYMMETRIES 

The existence of some guiding symmetry principle to 
build our action will strongly improve the prediction of 
our approach. We know for example that the effec- 
tive gravity lagrangians derived by String Theory to the 
fourth order in curvature expansion are ghost free [15]. 
This it means that in second curvature order we have 
the Gauss Bonnet combination (£ = R 2 - 4[R] 2 + TZ 2 ). 



I' 
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In higher order we find cubic corrections for bosonic 
string theories while the supersymmetric extensions pre- 
dict zero cubic and non zero quartic corrections [16]. Be- 
cause string inspired effective lagrangians are computed 
evaluating on shell graviton amplitudes (R^ = 0), the 
terms which contains at least twice the Ricci tensor or 
the Ricci scalar are non properly included. 

Supersymmetric BI type generalizations of Weyl su- 
pergravity action are given in [10]. 

Since there is no decisive hint about the correct string 
model, we will attempt a phcnomenological approach 
guessing some ad hoc principles and testing the possi- 
ble implications. 

Here we will introduce a sort of "selection rule" such 
that only some tensors generate the gravitational dynam- 
ics. Our possible choices are in between G, R, R and 1Z. 

If for example, only the tensor TZ^ prT (t = 2) is 
present, the lagrangian results: 



J d 4 xj~g M 2 yjK 2 - 4[i?] 2 + R 2 



(40) 



In the case with only the tensors G^po and TZ^ pa 
((r = 4) + (r = 2, t = 1) + (t = 2)) we get: 



d 4 xy^M 4 \ *G*G+ —r*G*TZ+ *K*K 



J d 4 x^M 4 yj-. 



a' 



M 2 



M 4 



P" 



d^V^MUl+—R+i-£ 



M 2 



M 4 



(41) 



and it fits exactly the constraints for ghost freedom and 
the EH asymptotic (see cap.F). 

While in the opposite case where no IZ^pa can enter 
((r = 4) + (r = 3, s = 1) + (r = 2, s = 2) + (r = 1, s = 
3) + (s = 4)), we have the lagrangian: 



/ 



d 4 X ^-gM^l + ^- 2 R+ JL(R 2 -[R}2)+ (42) 
^ (i?3 - 3 R [R] 2 + 2 [i?]3) + det\\Rp„\\ 



V. PHENOMENOLOGICAL MODEL 

The only phenomenologically interesting lagrangian 
coming from the above selection rules is certainly M 



/ 



d A x 



R 2 ) (45) 



where we have applied the cancellation mechanism of cos- 
mological constant. 

At this point, we will reanalyze more carefully the 
above lagrangian to the light of the physical criteria sug- 
gested by Deser and Gibbons in [5]. 



EH small curvature limit 



The small curvature limit of eq.(45) results: 



J d 4 x^—g(^ 



M 2 



a-R+-R 2 ->- { n 2 



4 [R] 2 + R 2 ) + 



I 



a R 
16M 2 

d 4 X 



((a 2 -4/3)i? 2 -4/3(ft 2 -4[i?] 2 ))+...) = 



HI 



PI 



16tt 



R + 



6 m 2 , 



R 2 + ... 



(46) 



So, the requirement of a correct EH leading gravita- 

2 m 2 

tional operator fix a^- = while the coefficient of 

2 — 4 

the R 2 operator results ^ 

tra scalar degree of freedom with mass mo 
The exchange of such a scalar between two test parti- 
cles changes the 1/r static gravitation potential slope to 



5127r 2 P M 4 generating an ex- 

16tt M 2 
3 mpi ' 



Using the results of ref. [12] with the 



strength parameter equal to 1/3 we can obtain a lower 
bound on m of ~ 2 10~ 2 eV corresponding to a value for 
the mass parameter M > 250 GeV. 



2. Ghost Cancellation 



where ghosts show up (see cap.V). 

When only TZp Upa and Rp V tensors are present ((t = 
2) + (t = l,s = 2) + (s = 4)) : 

J d^xj—g ^M 4 (£) + M 2 (...) +^det\\R flv \\ (43) 

Finally we have only one operator with R pv tensors 
(s = 4) that turns out to be also local Weyl invariant: 



J d 4 x^Jdet\\R^\ 



(44) 



The analysis of the particle content in higher derivative 
lagrangians of the form 



J d 4 xj—g F[R,[R] 2 ,TZ 2 ] 



(47) 



shows the existence of massless gravitons plus new de- 
grees of freedom. In general there is a massive spin zero 
field (mo mass) and a massive spin two field (m.2 mass) 
with a wrong sign of kinetic term: a ghost fields. Due 



with no EH matching. 



^Note that the expression under square root corresponds to 
the Lovelock lagrangian in four dimensions [13]. 
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to the fact that the mass of such particles and their po- 
tential ghostlike may be very different around different 
vacuum states we give the full set of eqs that fix such a 
parameters around solutions characterized by a constant 
curvature R = R in& maximally symmetric background 

[14], 'R-fiupa = ~\2 (flW> SW 9lio Qvp)- 

The equations of motion that fix Rq are: 



R R 2 R 2 
F ~ 2 Fr ~— Fp ~T Fq 



(48) 



Ro 



where P 



[R] 2 and Q = K 2 and F R = fg , F P 



pp 



§^ and so on. 



dF j? _ dF 

Qpi r Q — QQ, 

To each solution of (48) it corresponds a cosmological 
constant [14] given by 



mj>0, A>0 i 
* 



mj>0, A<0 



mo<0, A<0 



8tt 



m; 



Pi 



f-f r r + ^f rr r< 



with an effective Planck mass 



(49) 



p<> 



FIG. 3. a — /3 parameter space for mo (straight line) and 
A (dot line) zero values, in the case with Ro =fc 0. 



m 



pi 



16tt 



— (Fr - F RR R) | 



(50) 



and the masses of the two extra degrees of freedom to 
and to 2 : 

= \f rr + ^(F P + F Q ) + |(3F flP + 2F RQ ) + 



96tt ml 



1 



R A (-F P p 



qFpq + J^Fqq) 



Rq 



-^k_= 1 -F P + 2F Q 
32irm 2 2 y 



(51) 



(52) 



Kg 



7? Ft 

where we always take R = Rq and P = , Q = . 

A ghost free spectrum (as required for example from 
string theory [15]) is realized when m 2 — ► oo and this 
request is automatically satisfied for lagrangians of the 
form 

F[R,K 2 -4[i?] 2 ] = f[R,£] = f[(*G*1l), (53) 

that fit the structure of eq.(45). 

For this particular lagrangian (45) we have two possible 
background solutions: one flat background Rq = with 
zero cosmological constant, that corresponds to the small 
curvature EH limit previously described; one with R n ^ 
(we can give analytical results only in the small a limit 
corresponding to m > mpi : m 2 pl — Snam 2 + 0(a 3 ), 
^° ~ I^ m Pi Jr< ^ > ( a3 ^ a non zero cosmological constant 
A <~ 4 1^4 1 ^ 7 m %i + 0(a 3 ), and an extra scalar degree of 



mass mS 



'"■Pi ^ 

257rm 4 



0{a)). In fig. 3 we plot in (a, (3) 

parameter space the zero limit for to 2 , and A. Only the 
region TOq > is stable, while A can have both signs 
[17] (note that only positive a, f3 values are allowed). 



3. Schwarzschild singularity 

Many generalizations of EH action induce corrections 
to Schwarzschild metric which could have interesting con- 
sequences. In the class of Born-Infeld action there are 
some studies about spherically symmetric Schwarzschild 
solutions (see [8,9]) . In this paper we are not interested 
in a full analysis of new solutions because we can reduce 
our action to the one studied in [9] in some portion of 
parameter space. 

Following the lines of [9], we can neglect, in the action, 
terms proportional to R and Rp V , due to that fact that 
we are looking for solutions similar to the Schwarzschild 
one ( i? M „ <~ 0). Only the presence of terms proportional 
to the Weyl tensor can, in principle, remove the black 
hole singularity at the origin. This observation reduce 
our action to 



1 - 



1 + w K > 



(54) 



and this exact form is studied in chapter four of [9] (see 
there for details) The main results in [9] are the exis- 
tence of solutions which behave asymptotically as black 
holes and becomes spaces of constant 1Z 2 at small radii. 
In some portion of parameters space there is not even an 
event horizon with the presence of a bare mass instead of 
a black hole (bare in the sense that is not hidden behind 
an event horizon) without a naked singularity. 



§§ Note that in this case we need a negative f) parameter that 
cancel the stability of the background Ro ^ solution (see 
chapter V 2) leaving only the Ro = background. 



G 



VI. CONCLUSIONS 



(59) 



In this paper we have discussed some generalization of 
determinant gravity following the steps: 

J d A x yj det\\g afi \\ = J d 4 x( ^ee, £^ ) 1/2 -» 

2 4 

y d 4 x( £^) 1/m -» 



" 2n 

/ 



d 4 x( e^e g...g K^R K^K) 1/n 

n r s t 

with An = 2r + 2s + At. 

Then we analyzed all the possible operators obtained 
in the case n = 2. Selecting as guide lines the following 
requests: 

1) Reduction to EH action for small curvature; 

2) Ghost freedom; 

3) Rcgularization of some singularities; 

4) Supersymmetrizability. 
We selected the lagrangian 



which has a EH leading term in the small curvature 
limit, it results ghost free and for some parameter space 
show indications for the cancellation of the Coulomb like 
Schwarzschild singularity. 

For what concern the possible terms with n > A, 
there are many interesting "determinants" definitions 
that have to be physically investigated and to cover all 
of them requires some more effort. 
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VII. APPENDIX 

Some definitions: 

e PiP2P3P4 e VlV 2 V 3 V 4 = — (-55) 
gMlM2M3M4 g^l^2^3^4 e PlP2p3p4 g<Tl cr 2 CT 3 f4 = g g g g ^g") 

[i2] 2 = iJ""^ , \RHR] = RH"R. livpa R'° (57) 

* product definition (here applied to 7?. tensor, analo- 
gous expressions result for the other 4- index tensors): 



(60) 
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